Abstract. The objective of this chapter is to describe a construction of Parseval bandlimited and localized frames on sub-Riemannian compact homogeneous manifolds.
Introduction
The objective of this chapter is to describe a construction of Parseval bandlimited and localized frames in L 2 -spaces on a class of sub-Riemannian compact homogeneous manifolds.
The chapter begins with a brief review in section 2 of some results obtained in [5] where a construction of Parseval bandlimited and localized frames was performed in L 2 (M), M being a compact homogeneous manifold equipped with a natural Riemannian metric.
In section 3 we are using a sub-Riemannian structure on the two-dimensional standard unit sphere S 2 to explain the main differences between Riemannian and sub-Riemannian settings. Each of these structures is associated with a distinguished second-order differential operator which arises from a metric. These operators are self-adjoint with respect to the usual normalized invariant (with respect to rotations) measure on S 2 . The major difference between these operators is that in the case of Riemannian metric the operator is elliptic (the Laplace-Beltrami operator L) and in the sub-Riemannian case it is not (the sub-Laplacian L). As a result, the corresponding Sobolev spaces which are introduced as domains of powers of these operators are quite different. In the elliptic case one obtains the regular Sobolev spaces and in sub-elliptic one obtains function spaces (sub-elliptic Sobolev spaces) in which functions have variable smoothness (compared to regular (elliptic) Sobolev smoothness).
In section 4 we describe a class of sub-Riemannian structures on compact homogeneous manifolds and consider a construction of Parseval bandlimited and localized frames associated with such structures. Leaving a detailed description of sub-Riemannian structures for later sections we will formulate our main result now.
We consider compact homogeneous manifolds M equipped with the so-called sub-Riemannian metric µ(x, y), x, y ∈ M (see Definition 5) . To formulate our main result we need a definition of a sub-Riemannian lattice on a manifold M. The precise definitions of all the notions used below will be given in the text. Lemma 1.1. Let M be a compact sub-Riemannian manifold and µ(x, y), x, y ∈ M be a sub-Riemannian metric. Let B µ (x, r) be a ball in this metric with center x ∈ M and radius r. There exists a natural number N The meaning of this definition is that points {x i } are distributed over M "almost uniformly" in the sense of the metric µ.
We will consider compact homogeneous manifolds M = G/H where G is a compact Lie group and H ⊂ G is a closed subgroup. Let dx be an invariant (with respect to natural action of G on M) measure on M and L 2 (M) = L 2 (M, dx) the corresponding Hilbert space of complex-valued functions on M with the inner product
The notation |B µ (x, r)| will be used for the volume of the ball with respect to the measure dx. An interesting feature of sub-Riemann structures is that balls of the same radius may have essentially different volumes (in contrast to the case of the Riemann metric and Riemann measure).
In the next Theorem we will mention a sub-elliptic operator (sub-Laplacian) L (see the precise definition in (4.4)) which is hypoelliptic [7] , self-adjoint and non-negative in L 2 (M). This operator is a natural analog of a Laplace-Beltrami operator in the case of a Riemannian manifold. 
which is the span of all eigenfunctions of L whose corresponding eigenvalues belong to the interval [2 2j−2 , 2 2j+2 ), (2) every Θ j k is essentially supported around x j k in the sense that for any N > 0 there exists a constant C(N ) > 0 such that for all j, k one has
and as a consequence of the Parseval property one has the following reconstruction formula
In Theorem 8.1 this frame is used to obtain characterization of sub-elliptic Besov spaces in terms of the frame coefficients. 
The largest A and smallest B are called lower and upper frame bounds.
The set of scalars { f, ψ v } represents a set of measurements of a signal f . To synthesize the signal f from this set of measurements one has to find another (dual) frame {Ψ v } and then a reconstruction formula is
Dual frames are not unique in general. Moreover it is difficult to find a dual frame. However, for frames with A = B = 1 the decomposition and synthesis of functions can be done with the same frame. In other words
Such frames are known as Parseval frames. For example, three vectors in R 2 with angles 2π/3 between them whose lengths are all 2/3 form a Parseval frame.
Compact homogeneous manifolds.
The basic information about compact homogeneous manifolds can be found in [8] , [9] . A homogeneous compact manifold M is a C ∞ -compact manifold on which a compact Lie group G acts transitively. In this case M is necessarily of the form G/H, where H is a closed subgroup of G. The notation L 2 (M), is used for the usual Hilbert spaces, where dx is the normalized invariant measure on M.
The best known example of such manifold is a unit sphere
If g is the Lie algebra of a compact Lie group G then there exists a such choice of basis X 1 , ..., X d in g, for which the operator
j is X j • X j where we identify each X j with a left-invariant vector field on G. We will use the same notation for its image under differential of the quasi-regular representation of G in L 2 (M). This operator L, which is known as the Casimir operator is elliptic. There are situations in which the operator L is, or is proportional to, the Laplace-Beltrami operator of an invariant metric on M. This happens for example, if M is a n-dimensional torus, a compact semi-simple Lie group, or a compact symmetric space of rank one.
Since M is compact and the operator L is elliptic it has a discrete spectrum 0 = λ 0 < λ 1 ≤ λ 2 ≤ ...... which goes to infinity without any accumulation points and there exists a complete family {u j } of orthonormal eigenfunctions which form a basis in L 2 (M).
The elliptic differential self-adjoint (in L 2 (M)) operator L and its powers L s/2 , k ∈ R + , can be extended from C ∞ (M) to distributions. The family of Sobolev spaces
One can show that when s = k is a natural number this norm is equivalent to the norm
We assume now that M is equipped with a G-invariant Riemann metric ρ. The Sobolev spaces can also be introduced in terms of local charts [26] . We fix a finite cover
where B ρ (y ν , r 0 ) is a ball centered at y ν ∈ M of radius r 0 contained in a coordinate chart. Let consider Ψ = {ψ ν } be a partition of unity Ψ = {ψ ν } subordinate to this cover. The Sobolev spaces
are independent of the choice of elliptic self-ajoint second order differential operator. For every choice of such operators corresponding norms (2.5) will be equivalent. Also, any two norms of the form (2.8) are equivalent [26] .
The Besov spaces can be introduced via the formula
Here K is the Peetre's interpolation functor. An explicit norm in these spaces was given in [12] - [19] . For the same operators as above
.., T d be the corresponding one-parameter groups of translation along integral curves of the corresponding vector fields i.e.
(2.10)
here exp τ X j · x is the integral curve of the vector field X j which passes through the point x ∈ M. The modulus of continuity is introduced as
where f ∈ L p (M), r ∈ N, and I is the identity operator in L p (M). We consider the space of all functions in L p (M) for which the following norm is finite:
with the usual modifications for q = ∞. 
, is equivalent to the norm (2.12). Moreover, the norm (2.12) is equivalent to the norm
is its integer part). If α = k ∈ N is an integer then the norm (2.12) is equivalent to the norm (Zygmund condition) (2.14)
is defined as the span of all eigenfunctions of L whose eigenvalues are not greater than ω.
To describe our construction of frames we need the notion of a lattice on a manifold M equipped with a Riemann metric ρ. This notion is similar to the corresponding notion introduced in Lemma 1.1. In [5] the following theorem was proved for compact homogeneous manifolds considered with invariant Riemann metric.
. be a sequence of metric lattices.
With every point x j k we associate a function Ψ j k such that:
which is the span of all eigenfunction of L whose corresponding eigenvalues belong to the interval [2 2j−2 , 2 2j+2 ), (2) every Ψ j k is essentially supported around x j k in the sense that the following estimate holds for every N > n:
and
As an important application of Theorem 2.3 one can describe Besov spaces in therms of the frame coefficients [5] .
Example of S
2 with Riemannian metric. We consider M = S 2 . In this case the Casimir operator coincides with the Laplace-Beltrami operator L on S 2 and it can be written as a sum of the vector fields on S 2 :
Let P l denote the space of spherical harmonics of degree l, which are restrictions to S 2 of harmonic homogeneous polynomials of degree l in R 3 . Each P l is the eigenspace of L that corresponds to the eigenvalue −l(l + 1). Let Y n,l , n = 1, ..., 2l + 1 be an orthonormal basis in P l . One has
can be introduced as usual by using a system of local coordinates or by using vector fields X i,j :
Corresponding Besov spaces B α p,q (L) can be described either using local coordinates or in terms of the modules of continuity constructed in terms of one-parameter groups of rotations e τ Xi,j [12] - [18] . In particular, when p = 2 the Parseval identity for orthonormal bases and the theory of interpolation spaces imply descriptions of the norms of W 
3. Sphere S 2 with a sub-Riemannian metric. A sub-Laplacian and sub-elliptic spaces on S
2
To illustrate nature of sub-elliptic spaces we will consider the case of twodimensional sphere S 2 . We consider on S 2 two vector fields Y 1 = X 2,3 and Y 2 = X 1,3 and the corresponding sub-Laplace operator
Note that since the operators Y 1 , Y 2 do not span the tangent space to S 2 along a great circle with x 3 = 0 the operator L is not elliptic on S 2 . However, this operator is hypoelliptic [7] since Y 1 , Y 2 , and their commutator Since Y m,l is an eigenfunction of L with the eigenvalue −l(l + 1) we obtain
It shows that spherical functions are eigenfunctions of both L and L.
The graph norm of a fractional power of L is equivalent to the norm
Note that these spaces W 
2,q (L), which follow from a much more general results in [25] , [11] , [18] .
We would like to stress that subelliptic function spaces are different from the usual (elliptic) spaces. For example, if W α 2 (L) is the regular Sobolev space than general theory implies the embeddings
2,q (L). As the following Lemma shows, these embeddings are generally sharp. Proof. For a δ > α/2 > 0 pick any γ that satisfies the inequalities
Let c n,l be a sequence such that c n,l = 0 if n = l and c l,l = (2l + 1) γ . For a function with such Fourier coefficients the norm (3) is finite since
Sub-Riemannian structure on compact homogeneous manifolds
Let M = G/H be a compact homogeneous manifold and X = {X 1 , ..., X d } be a basis of the Lie algebra g, the same as in (2.4). Let 
of order n ≤ Q span the entire algebra g. Let
be an enumeration of all commutators (4) up to order n ≤ Q. If a Z j corresponds to a commutator of length n we say that deg(Z j ) = n. Images of vector fields (4.3) under the natural projection p : G → M = G/H span the tangent space to M at every point and will be denoted by the same letters. 
where |b j (t)| < ǫ deg(Zj ) . Then we define µ(x, y) as the lower bound of all such ǫ > 0 for which there exists ϕ ∈ C(ǫ) with ϕ(0) = x, ϕ(1) = y. cρ(x, y) ≤ µ(x, y) ≤ C (ρ(x, y))
where ρ stands for an G-invariant Riemannian metric on M = G/H. We will be interested in the following sub-elliptic operator (sub-Laplacian)
which is hypoelliptic [7] self-adjoint and non-negative in L 2 (M).
Definition 6. The space of ω-bandlimited functions E ω (L) is defined as the span of all eigenfunctions of L whose eigenvalues are not greater than ω.
Due to the uncertainty principle bandlimited functions in E ω (L) are not localized on M in the sense that their supports coincide with M.
Using the operator L we define non-isotropic Sobolev spaces W k p (L), 1 ≤ p < ∞, and non-isotropic Besov spaces B α p,q (L), 1 ≤ p < ∞, 1 ≤ q ≤ ∞, by using formulas (2.5) and (2.9) respectively.
Product property for subelliptic Laplace operator
The results of this section play a crucial role in our construction of the Parseval frames. In what follows we consider previously defined operators
Lemma 5.1.
[5] If M = G/H is a compact homogeneous manifold then for any f and g in E ω (L), their product f g belongs to E 4dω (L), where d is the dimension of the group G.
Proof. For every X j one has
This implies that
Let us show that for all f, g ∈ E ω (L) the following inequalities hold:
By construction (see (2.4) ) the operator −L = X 2 1 + ... + X 2 d commutes with every X j and the same is true for (−L) 1/2 . From here one can obtain the following equality:
which implies the estimates (5.2) and (5.3). The formula (5.1) along with the formula
imply the estimate
Using the Sobolev embedding Theorem and the elliptic regularity of L, we obtain for every s >
where W s 2 (M) is the Sobolev space of s-regular functions on M. The estimate (5.5) gives the following inequality:
Finally we have the following estimate:
which leads to our result.
Lemma 5.2. There exist positive c, C such that for ω > 1 the following embeddings hold
Proof. There exists a constant a = a(L, L) such that for all f in the Sobolev space W
Since L belongs to the center of the enveloping algebra of the Lie algebra g it commutes with L. Thus one has for sufficiently smooth f :
The product property of bandlimited functions is described in the following Theorem.
Theorem 5.3. There exists a constant
According to Lemma 5.1 their product f g belongs to E 4dcω Q (L) which implies that for some C 0 = C 0 (L) the product f g belongs to E C0ω Q (L).
Positive cubature formulas on sub-Riemannian manifolds
Now we are going to prove existence of cubature formulas which are exact on E ω (L), and have positive coefficients of the right size.
Let M r = {x k } be a r-lattice and {B µ (x k , r)} be an associated family of balls that satisfy only properties (1) and (2) of Lemma 1.1. We define
One can verify the following properties.
Lemma 6.1. The sets {U k } form a disjoint measurable cover (up to a set of measure zero) of M and
We have the following Plancherel-Polya inequalities [20] , [21] . 
Proof. One has
Take an X ∈ g, |X| = 1, for which exp tX · x k = x for some t ∈ R. Since every such vector field (as a field on M) is a linear combination of the fields
the Newton-Leibniz formula applied to a smooth f along the corresponding integral curve joining x and x k gives
Applying anisotropic version of the Sobolev inequality [11] we obtain
All together we obtain the inequality
Thus, if for a given ω > 0 we pick an r > 0 a way that
then for a certain C 1 = C 1 (M ) > 0 one obtains the right-hand side of (6.4)
The left-hand side of (6.4) follows from the Sobolev and Bernstein inequalities.
The Plancherel-Polya inequalities (6.4) can be used to prove the so-called subelliptic positive cubature formula. The proof goes along the same lines as in [5] , [24] , (see also [3] , [1] ).
The precise statement is the following.
Theorem 6.3. There exists a constant a = a(M, Y) > 0 such that for a given ω > 0 if r = aω −1 then for any r-lattice M r = {x k } there exist strictly positive coefficients {α k }, for which the following equality holds for all functions in E ω (L):
Moreover, there exists constants b 1 > 0, b 2 > 0, such that the following inequalities hold:
where the sets U k are defined in (6.1).
Space localization of kernels
According to the spectral theorem if F is a Schwartz function on the line, then there is a well defined operator F (L) in the space L 2 (M) such that for any f ∈ L 2 (M) one has
where dy is the invariant normalized measure on M. If {λ j } and {u j } are sets of eigenvalues and eigenfunctions of L respectively then
We will be especially interested in operators of the form F (t 2 L), where F is a Schwartz function and t > 0. The corresponding kernel will be denoted as K F t (x, y) and
Note, that variable t here is a kind of scaling parameter.
The following important estimate was proved in [1] in the setting of the so-called Dirichlet spaces. It is a consequence of the main result in [10] that sub-Riemannin manifolds we consider in our article are the Dirichlet spaces.
8. Parseval space-frequency localized frames on sub-Riemannian manifolds and proof of Theorem 1.2
Let g ∈ C ∞ (R + ) be a monotonic function with support in [0, 2 2 ], and
The same spectral theorem
, and taking inner product with f gives
Moreover, since the function F j (s) has its support in [ 
According to Theorem 6.3 there exists a constant a = a(M, Y) > 0 such that for all natural j if (8.3) r j = b2 −Q(j+1) , b = aC 0 , then for any r j -lattice M rj one can find positive coefficients α j,k with for which the following exact cubature formula holds
where x j,k ∈ M rj , k = 1, . . . , K j = card (M rj ). Using the kernel K It is not difficult to prove the following result (see [5] for the Riemann case). The constants in these norm equivalence relations can be estimated uniformly over compact ranges of the parameters p, q, α.
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